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Particle Kinematics - I

Sections: 2.4, 2.6

Overview

e Time derivative of a Vector
o Polar coordinates

Velocity: Derivative of position vector

Consider a vector represented as 7 = rit, The velocity of the particle is given by r.

dr dr. dn,
— = —U,+r
dt dt dt

r =

A change in the vector 7 can be due to change in the magnitude r or i, .

L dr dr . N du, ‘i 4 A
Fr=—=—U, +r— =71l u
d dt dt r TV

Two ways r can change,

1. change in r, refers to a change in the length of the vector
2. change in 1, , refers to a change in direction of the unit vector

Derivative of a unit vector

i, can be written as,

i, = cos(0)i + sin(0)]
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Derivative of i, is,
i, = —sin(0)0i + cos(@)é}
i, = 0 (—sin(0)i + cos(0))

ﬁ, =0 (Sin(ﬁ)lz X} + cos(e)lAc X ;)
i = Ok X (cos(@)g + sin(@)})

Derivative of i, is,
i, = 0k X (cos(@); + sin(H)}) =0k X1, =& X il

Therefore, derivative of vector 7is given by,
r =T, + ri,

- A - A~
=ru, +rw Xu,

Therefore, velocity is given by
il + W Xr
N’ S——
change in length ~ change in direction

<!
I
~l
I

Acceleration: Second derivative of position vector

Given, r = rii, compute acceleration.

From before, velocity is given by,

Acceleration is derivative of velocity,

-

a=r=v="Fu, +iu, + o Xr +w X
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- -

=il + 7, + O XT + D XF

From before,

and

Substituting gives

- =

=iy + 1@ X i) + 40 X7+ @ X (i, + @ X7)
=Fil, + 1@ X i)+ o X7+ o X (i, + 0 X7)

Rearranging terms gives,
=7l + 2@ X))+ 0 X7+ X (@0 XT)

Position, Velocity and Acceleration of a vector
Position
Velocity

Acceleration

a= Fil, + 27w X 1)) + axr + woX(Xr)
—— S——
linear acceleration Vv rotational acceleration V
coriolis rotational acceleration

These relations are always true, we will next apply them under specific coordinate frame
assumptions
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Polar coordinates

In polar coordinates, we define i, and iy, and simplify previous equations.

Choose coordinate frames such that,
ur, g, and k

are orthogonal, and

B X g = k
kX u, = uy

Under this notation, @ = wk

Velocity

V=T, + o Xr
= i, + wk X rit, = i, + rok X i,

= Fil, + rolig

Acceleration ‘
a=rii, + 21 @ Xit,) +® X7+ X (@ X7F)
oS

G = ity + 21wk X it,) + ak X i, + ok x (0k X rit,)

= i, + Diw(k X u.)+ rak x u, + wk X (wk x rit,.)
= il, + 2Fw(k X 01,) + rak X i, + ro*k x (k X &i,)
a=(F — rodi, + (ar + 2iw)i,
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Position

Velocity

Acceleration

EXAMPLE
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a =t — rodi, + (ar + 2iw)i,
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